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Line Width and Bandwidth of Millimeter-Wave

Resonance Isolators*

P. VILMURY, STUDENT MEMBER, IRE, AND K. ISHII{ MEMBER, IRE

Summary—A theoretical derivation is made of bandwidth as a
function of resonant frequency of a single crystal ferrite resonance
isolator at millimeter wavelengths. The derivation takes into account
the ferrite isolator as a bounded system. Using the derived relation
of bandwidth and resonant frequency, and Kittel’s relation between
resonant frequency and applied field, equations are derived which re-
late line width to resonant frequency, line width to the applied mag-
netic field, and line width to frequency bandwidth. These resulting
equations are compared with experimental data obtained with a sin~
gle crystal barium ferrite isolator from 58 to 59 kMc. The theoretical
relations agreed closely with the experimental data within the ac-
curacy of the measuring equipment at these frequencies. In general,
the results showed that for small frequency ranges (1 kMc) band-
width and line width increase almost linearly with frequency, band-
width and line width are linearly related, and line width is a fairly
complicated but increasing function of applied field.

INTRODUCTION

ELATIONS between the various parameters in
’ common use to describe the operation of ferrite
resonance isolators, such as line width as a func-
tion of frequency, have been developed by a number of
authors.’ In many cases, these parameters are based
on the assumption that the ferrite is unbounded or is
spherical in shape. These simplifications have led to
fairly compact equations relating, for example, line
width to resonant frequency. But, these equations con-
cern the behavior of the ferrite material itself and do
not take into account the totally bounded system, con-
sisting of the piece of ferrite coupled with a specific
microwave circuit. So, it has been found in practice that
experimental results do not always agree with these
equations. In particular, some of the experimental data
obtained for a single crystal ferrite resonance isolator
at 58 to 59 kMc could not be explained by any theoreti-
cal relations known to us.

It is the purpose of this work to develop relations
between bandwidth and resonant frequency, line width
and resonant frequency, line width and bandwidth, and
finally line width and applied field. These results will be
compared to experimental data obtained in the milli-
meter wave region.
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The approach that was made to the problem of finding
how bandwidth is related to resonant frequency was
different. Using perturbation theory, Lax? derived an
equation for ferrite isolators, relating attenuation and
the mounting position of the ferrite in the waveguide.
In this paper, Lax’s equation was extended by solving
it with respect to frequency to obtain a specific relation
between bandwidth and resonant frequency. Since Lax’s
equation considers the ferrite and the waveguide as a
coupled system, this newly derived relation also con-
siders the ferrite isolator as a totally bounded system,
taking into account the mounting position of the ferrite
in the waveguide and the shape of the ferrite. A similar
approach to this problem, leading directly to a relation
between bandwidth and resonant frequency, has not
been found in the literature.

The derived relation between bandwidth was com-
bined with Kittel's equation of resonant frequency and
applied field* to obtain a relation between line width and
resonant frequency. From the two newly obtained rela-
tions, a new relation between line width and bandwidth
was derived.

Finally, the relation between line width and the ap-
plied field was derived using the results of line width and
resonant frequency, and Kittel’s equation.

These derived relations provided a firm basis to ex-
plain more realistically the behavior of millimeter wave
resonance isolators. In particular, the relations between
line width, resonant frequency, bandwidth, and applied
field were especially useful since this line width de-
scribes the operation of a practical isolator and is not
just a theoretical descriptive parameter for an un-
bounded ferrite crystal.

BANDWIDTH AND RESONANT FREQUENCY

The purpose of this section is to derive an equation
of bandwidth of millimeter wave resonance isolators us-.
ing a single crystal ferrite.>—8
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It has been shown by Lax? that the loss in a ferrite in
the backward direction is

a = C(5:16%:" + Sexy” + SuBxa’’), (1)
where

C is a constant depending on the cross
section of the ferrite loaded waveguide.
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In this equation T2w,23>1 for ferrite resonance isolator.®
Using this simplification (8) becomes

_Cw = [T4w4 — 2w,%w? T + w,4T4]. (9

After multiplying through by the denominator of
(7) and rearranging, the first term on the right becomes

Xz and x,,”” are the imaginary parts of t}'le'd.iagonal — St — (Ao + A + A%, (10)
components of the susceptibility ten-
sor. where
Xz’ 1s the imaginary part of the off. d.ie.Lg— A0 = 0.2 4+ 1/T? + 20 w0 + (N, — Nown + o).
onal component of the susceptibility
tensor The second term on the right will be
B2 = wiequy — k> (2) _Sﬁ(wz — A% (11)
- where
k=— 3)
a Al = w2 — 1/T2 — 20,00 + (Vo — NDwn + w.].
Sy = sin® ko (4)  The third term on the right will be
S, = k2 cos? bx 5 - B2
2 cos® kxg (5) — S/ oo s (2w2 . >, (12)
Ss = ksin 2kxq (6) €afo
where the assumption was made that
% is the ferrite position from the guide wall. .
Putting in the value of the respective tensor suscepti- 3 «1
bilities, the equation becomes w2eg '
N o T T YT = 20, oo + (N = N + wd]
C = D1\W €gMo Wm Tg(wrz —_ w2 — 1/T2)2 + 4_wr2
w? — w? — 1/T? = 2w,[wo + (Ve — N2wn + w
+ SmeT 9\ 9
T2(e,? — w? — 1/T2)® + 4o
[ 20w wm T
+ Sivwleuy — k2 (7)

where

wn=4my M, M is the magnetization.
wy=+H,, v is the gyromagnetic ratio, H is
the applied field.
T'is a phenomenological relaxation time.
N,, Ny, N,, are the respective demagnetization fac-
tors.
w,=vH,, H, is the anisotropy field.

Multiplying through by the denominator of (7) and re-
arranging, the term on the left will be

[T%ﬂ — 2{w,2T? — 1)w?
Cw,T

4+ w202 T+ 2) + 1/72]. (8)

T2(w,? — w® — 1/T2)% + 4w72’

Collecting together all terms in like powers of w in (10),
(11), and (12), the following equation results:

Kiw*+ Kow? 4 K3 =0 (13)
where
ol
K, = + Sléouo (14)
Comn
aT
Ky = — 202 ———— — Si(A oo + &%) + 52
Cun
— 2.5/ €opo 6r (15)
Sskzwr
K; = w? 4 S1A% — Spdt 4+ . (16)
Wy \/GOHO

® According to Lax,? approximate reverse loss to forward loss is
given by R=(2w,T)? where R is always much greater than one for
ordinary isolators.
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At w=uw, the attenuation in the ferrite will be maxi-
mum. The 3 db attenuation points will be one-half this
maximum since « is in units of nepers/unit length.
Going back to (7) and putting in w=uw, this equation
becomes

Umax . zme[wO + (Ny - Jvz)wm + wa]
2 7 4o,
wnTwo + (Ve — Npom + o
+ S
4w,
BwnT

4

where again it was assumed that «,272>>1. Putting (17)
into (14) for a/C

K\ = Cwr + Co/w, + Csv/w,® 4+ Co+ C:

where

(18)

Cy1 = Sieouo

S.T?
Bl [wo + (N, — N)eon + e

3

ST

Cy = [w() -[" (Jvz - sz)wm + wa]

S.k2T?

[CUO + (Zvy - Z\Tz)wm + wa]

S/l
4
— k2

€ofdo

5

C6=

The “constants” () through Cs contain parameters such
as T and w,, which are slightly frequency dependent.
Because the frequency range considered in this paper is
small, they are assumed to be constant. Similarly,
putting (17) into (15),

Kz’ = - 2C3w73 - CleE -_ 2C4wr

_ 2C5w72\/w,2 + Ca - Cz (19)

where
C2 = S‘,,) _ S1]€2 .

Cl, Cg, C4, C5 are the same as in (18)

All but the first terms of —.S14°euo and the term
— 2844/ equow, were dropped from (15) since they were
negligible compared to the other terms at millimeter
wavelengths.

Putting (17) into (16) K; will be

Ky = Cw,® + Caw,® + Cow,? 4 Co* v/ w,2 4 Cs (20)
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where
Cs, Csy C4, Cs, and Cp are the same as in (19).

All but the first terms S;-4°k* and —.S,.42 were dropped
from (16) since they tended to cancel each other at
millimeter wavelengths. The term Ssk%0,/+/ ety Was
dropped because it was negligible compared to the other
terms in (16). For the value of attenuation at the 3 db
points, (13) can be written

K1Iw4 + KQ’CO?‘ + Ksl = 0 (21)
The solutions of this equation are
— Ky — VK — 1Kk
0 = 2 2 183 ; (22)
2K
— Ky + VR IKVRT
ot = AV Ks 1 3) (23)
2K+

where w; and w; are the radian frequencies at the 3 db
points.
Subtracting (22) from (23),
VKT~ AK/KS
Ky

Wt — wy? = (24)
For this equation bandwidths are very small (10 to
100 Mc) compared to the resonant frequency. There-
fore, wy+w; can be written as 2w, and

O)22 — w12 = 20.),-A(/J, (25)
where
Aw = wy; — w; = radian frequency bandwidth.
Substituting (25) back into (24),
VK —AK/K{
AW = ~22 . (26)

Zerl,
Substituting (18), (19), and (20) into (26) this equation
reduces to
Clwrg - C2

Aw = (3) —
Cyr® + Cior + Ci + Csor Voo + Co

27

where Ci, Cy, Cs, Cy, Cs and Cg are as defined previously.
This is the final result of the derivation of bandwidth as
a function of resonant frequency.

Experimental data was taken with a single crystal
barium ferrite.*® The ferrite was mounted as shown in
Fig. 1 and data of bandwidth and applied frequency
was taken between frequencies 58 and 59 kMc. The
constants of (27) were adjusted to fit the experimental
data. The results as seen in Fig. 2 show that bandwidth
is increasing almost linearly with resonant frequency.

10 BaFe;sOy9 supplied by the A. O. Smith Corp., Milwaukee, Wis.



1962

le0 0168" POLYSTYRENE

.
U ] - T S DIRECTION
0045 w OF
00325
S | G b | § APPLIED
R e
FIELD

a
“=00II7" FERRITE

FERRITE LENGTH=0209"
y
2 X

Fig. 1—Cross section of millimeter-wave resonance isolator.

SO S EXPERIMENT .
80| «—CALCULATION "
7 =
6 ]
— L~
(%)
ES =
& 3o
E
22
Z (9
@ o
580 582 584 586 588 590 592

FREQUENCY (kmc)

Fig. 2—Bandwidth of single crystal ferrite isolator vs resonant fre-
quency. Calculated curve was obtained with
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LiNE WIDTH AND RESONANT FREQUENCY

It is the purpose of this section to derive a relation be-
tween the line width and the resonant {requency of a
single crystal ferrite isolator at millimeter wavelength.
Kittel* developed a relation between applied field and
resonant frequency, given by

w2 = A Ho*+ A.Ho+ As, (28)

where
Ay =7?
Ay = (Ny— N, — 2NIv2M + 2v2H,
Ay = (No = NJ(N, — Ny M* + [(N. — N2)
+ (N, — N)|yHM.

Line width, AH, is defined! as the difference between
the two magnetic field values one on either side of reso-
nance where the imaginary part of the diagonal com-
ponent of the susceptibility tensor is half of its value at
resonance.

Let AH=H,— H;, and H, equal the applied field at
resonance. Then, assuming a symmetrical resonance
curve,

AH

H2=Ho+—2‘> (29)
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m
AH

lelfo—‘—“—) (30)
2

s H°<1+AH+AH2> (31)

o Hy ' 4H?)

The term AH?2/4H? can be considered negligible in this
case since for the material being considered, the line
width is 1/100 of the applied field. Thus (31) becomes

Hy = He + AHH,, (32)
and similarily
le = H02 - AHH() (33)
Putting (29) and (32) into (28)
AH
w22: 41(H02+AHH0)+A3(HU+T>+A3 (34)
and putting (30) and (33) into (28)
AH
wq? = A1(H02 — AHH()) —+ Az(Ho — “2—> + A (35)
Subtracting (34) and (35)
we® — wi® = AHQ2AHo + A). (36)
From (25)
1
2w, Aw = AH <—~>, 37
Cy
where
1
C7 = ————
24:Ho + Ao
Using (27) the equation becomes
C(Ciwr®* — Cato,
AH = A @) (38)

Cyor? + Croop + Ci+ Csorv/ao + Co

This is the derived relation of line width and resonant
frequency.

Using data obtained as before, the constant Cr was
adjusted to fit this data. The other constants C; to Cs
remain the same as in (27). The results are shown in
Fig. 3. It is seen that with only one constant adjusted,
(38) could predict the experimental data fairly closely.
Line width is shown to increase almost linearly with
resonant frequency.

A much simpler equation found in the literature! that
describes the relation of line width and resonant fre-
quency is given as

2wa

AH = ) (39)

Y

where « is a dimensionless damping factor. It was found
that this equation could not fit the experimental data.
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Fig. 3—Line width of single crystal ferrite isolator vs resonant fre-

quency. Calculated curve was obtained with Ci, Cy, G5, Ci Cs,
and Cs the same as Fig. 2. C;=2.97X 10720 gersted-sec?.

LiNE WIDTH AND BANDWIDTH

The square root in the denominator of (27) can be
simplified as follows:

} . Cs
\/""r2 + Cs = w, (1 + >~ (40)
2w,2

Replacing (40) into (27) and rearranging
ClwrZ - Cg

Aw =
Cs'w,* + 2Ciw, + Cy

(41)

where
Csl = Z(Cg + C5)
C4I = 2C4 "[— C{,Cs

Fig. 4+—Line width of a single crystal ferrite
isolator vs frequency bandwidth.

many terms were negligible. So for the special case of the
single crystal ferrite isolator at 58 kMc, (43) reduced to

2C,
AH = —— Aw.
VC

1

(44)

This equation along with the experimental data ob-
tained is shown in Fig. 4. It is seen that line width in-
creases linearly for the range of frequencies where data
was taken.

LINE WIDT AND APPLIED FIELD

A relation between line width and applied field can be
obtained by substituting (41) into (37) and putting in
Kittel’s relation (28) wherever w, appears.

20/ A1H* + AzHo + A, [Co(A1H® + A2Ho + A5) — C

C G (AH + AoHy + Ag) + 207 A HY + dyHo + ds - Cff

(45)

The constants Cy, Ci, and Cy in (45) are functions of
the applied field. Therefore (45) becomes

[2/(24.:Ho + A)][C1(4:1He? + AoHo + A3 — Co]/AHeE + A2Ho + 4y

Rearranging the terms in (41) and solving for w,

W, =

where

Cw = C3’.
Substituting (42) into (37)

AH: 2C7Aw <

_ ) (46)
(YViHo+ Vo) (A1He* + AsHo+ As) + 2Cin/ A1 HE + AHo+ A5+ ViHo+ V4
where
Cs =Y Hy+ 7V
— 2 9
chl i \/CgACO + CgAw + CIC- (42) C4, = YgHo + 174
Clko - C1 and
2 / / T2
Cs=C2—(CyC,y Y1=7(51€0u0)
Cy = C1C4I - CZCJI
72 .
Y, = ) {Ss\/eo,uo — Steouo] (N — N)wn + @]
_ T 2
— AwCy+ A/ CeAc®™F Cyha+C1Cs Vs == (S = Sk
. (13)
Ciodow — Cy 7

Y4 = - {Slkg[wm(Ny - Nz) _I_ wa]

The constants Cs to Cio are made up of constants that 2 .

already have been determined. It was found that when + Sslon(Ne — V) + wa] — %ku_} i

€olo

the values for these constants were substituted into (43),
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becomes
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Rearranging and multiplying out the denominator (46)
VAH? + AHy + As [ZCl(AlHoz + A2Hy + Ay — Cz] @

H =
CuHe* + CioHe® + CiuHo? + CrilHlo -+ CisHov A1He* + AsHo+ Ay + Cron/A1Ho + A2Ho + As + C17’

where
Ciyy = 2YV,142
Cis =3V 14142+ Vady
Cis = Ao(Vido-+ Vod) +24:(V1ds+ Vadao -+ V)
Ciu = 241 (Vi + Vady) + Ao(Vids + Vody+ V)
Cis = 44.,Cy
Cis = 24.C,
Cir = A(Vy+ YVady).

The constants Cy; to Cy7 were obtained by fitting (47) to
experimental data. This equation, with adjusted con-
stants and the experimental data, is shown in Fig. 5.
The line width is seen to increase with the value of the
applied field.

CONCLUSIONS

A theoretical equation of bandwidth of a single crystal
millimeter-wave resonance isolator was newly derived.
In the region where experimental data was taken, the
trend was an increase in bandwidth when the resonant
frequency was increased. The theoretical equation
agreed with the experimental results.

A theoretical equation of line width and resonant fre-
quency of ferrite isolator was derived. The equation
could predict the experiment well when only one con-
stant out of the seven was adjusted to fit the experi-
mental data. The equation and data indicated that line
width increased almost linearly with resonant frequency
in the range of {frequencies considered.

A theoretical equation of line width and frequency
bandwidth was derived. Although the general equation
suggested a more complex relation, the equation reduced
to a linear relation between line width and bandwidth
when values for the constants were put into the equation.
The experimental data agreed with the linear theoretical
equation to some extent.

2 S TERPERIMENT I
212+~ CALCULATION P
810 /i/

=

= 6/”

=

W2

=0

3850 3890 3930 3370 4010 4050 4090 4130
APPLIED FIELD (Oersteds)

Fig. 5—Line width of a single crystal ferrite isolator vs applied mag-
netic field. Calculated curve was obtained with
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Finally, a theoretical equation of line width and ap-
plied field was derived. This equation proved to be more
complex than the other derived equations. But again,
the equation could be adjusted to follow quite closely
the experimental results. The curve showed increasing
line width with increasing applied field.
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